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THE EFFECT OF RANGE OF STRESS ON THE
FATIGUE STRENGTH OF METALS
I. INTRODUCTION
1. Preliminary.-Many investigators have shown that the maxi-
mum tensile or compressive stress to which a metal member may
be repeatedly subjected without causing fracture (endurance limit as
usually defined) depends upon the range of stress applied, that is,
upon the values of the maximum and minimum stresses of a repeated
cycle; the maximum tensile stress that can be applied a very large
number of times without causing fracture can be increased if the range
of stress is decreased. Most of the data upon which this conclusion is
based were obtained from tests1, 12* in which the stress varied from
a small tensile stress to a larger tensile stress, or from a small com-
pressive stress to a larger tensile stress. The specimens used in these
tests were usually subjected to axial loads, mainly because varying
ranges of normal stress are easily obtained by this method of loading;
it is assumed, however, that bending tests would reveal substantially
the same results. Furthermore, most of the data were obtained from
tests of polished unnotched specimens of ductile metals; the term
"unnotched (or notch-free) specimen" is used to denote a specimen
free from stress raisers such as abrupt changes in cross-section, sur-
face scratches, defects, etc., and a "notched specimen" is one which
contains a stress raiser of any kind.
If, on the other hand, notch-free polished cylindrical specimens of
a ductile metal are subjected to repeated cycles of torsional shearing
stress, it has been shown 7' in a number of investigations that the
maximum range of shearing stress that can be repeated a large num-
ber of times without causing fracture is the same regardless of the
value of the maximum stress in the range; that is, the range of stress
remains constant. This fact may be expressed in a somewhat different
way as follows: The maximum torsional shearing stress that can be
repeatedly applied to a notch-free cylindrical specimen of ductile
metal without causing fracture may be increased'if the minimum
stress of the cycle or range of stress is also increased by the same
amount, thereby keeping the range of stress constant. In this con-
clusion, however, it is assumed that the maximum shearing stress does
not reach a value that causes the material to fail by general yielding,
*Index numbers refer to items in Bibliography.
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that is by permanent plastic deformation of a relatively large portion
of the specimen on the first application of the load.
The generally accepted laws governing the effect of range of stress
on the resistance to fracture of metals subjected to repeated stress
(fatigue strength), therefore, have been based mostly on fatigue tests
of polished, notch-free specimens of ductile metals. There are, how-
ever, many ductile metal members that contain notches of various
types, such as keyways, fillets, holes, corrosion pits, surface scratches,
etc., that are subjected to various ranges of repeated stress. Likewise
brittle metal members, such as high strength cast iron, special alloys,
etc., both with and without notches, are subjected to various ranges
of repeated stress. Thus, there is need for further study of this prob-
lem. The term ductile is used here to describe metals which are
capable of rather large plastic deformation without fracture when
subjected to the usual tension test, and the term brittle is used to
describe metals which fracture with little or no plastic deformation in
the tension test.
The significance of the results presented in this bulletin will
probably be more evident if attention is here called to the fact that
two modes or types of fatigue fracture are recognized. In one type,
the formation and spread of the fatigue crack is considered to be
related most closely to the maximum normal (tensile) stress, and in
the other type to the maximum shearing stress. Furthermore, the
factors that primarily determine which one of these two types of
fracture will occur are considered to be (1) the relation of the re-
sistance of the material to separation without accompanying plastic
deformation (cohesion strength) to its resistance to plastic deforma-
tion (yield strength) and (2) the relation of the maximum tensile
stress, amax, at a point where fracture occurs to the maximum
shearing stress, rmax. The relative values and qualitative use of
e to r s cohesion strength a maxthese two ratios, and , assume considerable
yield strength rmax
importance in the explanation of the fatigue results presented in
this bulletin even though their numerical values are seldom definitely
known.
Attention should also be called to one other idea that is given
prominence in the subsequent discussion. The endurance limit of a
material has usually been considered to be the value of the maximum
stress in any cycle or range of stress that can be repeated an in-
definitely large number of times without causing the material to
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fracture. This definition has resulted from the desire to follow, in
dealing with repeated loads, the same procedure that is used with
static loads. For example, a ductile metal under static loads usually
serves its purpose satisfactorily in a load-resisting member until the
maximum stress reaches a value at which general yielding occurs;
thus a maximum value of stress serves satisfactorily as a measure of
the limiting (utilizable) strength for resisting static loads. If, how-
ever, the same ductile metal member is subjected to repeated stress,
its usefulness (utilizable strength) is not limited by yielding, but by
the formation and spread of a crack designated as a progressive local-
ized fracture (or fatigue fracture), and this type of fracture is asso-
ciated, not with the maximum stress alone, but also with the minimum
stress in the stress cycle, or, more briefly, with the repeated range of
stress, evidence of which will be presented in this bulletin. If the
stress in the cycle is completely reversed (changing from a value in
one direction from zero to an equal value in the opposite direction
from zero) the maximum value of the stress in the cycle serves also
to measure the range of stress, and hence the foregoing definition of
endurance limit is satisfactory; but for other ranges of stress it is in-
adequate and misleading, and has led to confusion concerning the
effect of range of stress on fatigue strength.
A more satisfactory definition of endurance limit or fatigue
strength has grown out of the relatively recent method of treating a
range of stress as made up of two components, namely, a steady
(mean) stress and an alternating (completely reversed) stress that is
superimposed on the steady stress. The influence of the steady stress
on failure is important when the steady stress plus the alternating
stress (the maximum stress) exceeds the static yield strength, resulting
in a failure of the member by yielding on the first application of the
load before it can fail by progressive fracture; the steady stress alone
would not produce a progressive fracture. The failure by progressive
fracture is controlled mainly by the alternating stress; the value of
the alternating stress required to cause fracture may, however, depend
on the value of the mean or steady stress.
The endurance limit of a material for any range of stress, then,
is defined as the maximum alternating (completely reversed) stress
that can be superimposed on the mean or steady stress of the range
and be repeated an indefinitely large number of times without causing
fracture. The subsequent discussion will show that there are several
advantages to be gained by defining the fatigue strength in this way.
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2. Purpose of Investigation.-It is the purpose of this bulletin to
make a rather comprehensive study of test data to determine the
manner in which range of stress affects the fatigue strength of metals.
Available test data have been studied, involving ranges of repeated
axial stress from tension to tension, tension to compression, compres-
sion to compression, and of repeated torsional shearing stress, in both
ductile and brittle metals for specimens with and without notches. It
should be stated that the various methods of interpreting the test
data given emphasis in this study have been presented by several
investigators in analyzing the results of fatigue tests as applied to
limited portions of the problem of the effect of range of stress on the
fatigue strength of metals. It has been the main purpose, however, of
the investigation herein reported to extend the interpretations in de-
veloping the general law or laws that control the effect of range of
stress on the fatigue strength of metals for conditions covering a wide
field of applications.
It should also be observed that the test results studied were ob-
tained from relatively small laboratory specimens and hence may not
be directly applicable to much larger members that are likely to be
less homogeneous and less uniform and correspondingly weaker in
fatigue even though they are geometrically similar to the smaller
specimens. Further, the fatigue strength as interpreted in this bulletin
refers to the resistance of the material to an indefinitely large number
of cycles of stress, and no attempt has been made to interpret data for
the fatigue strength for a limited number of cycles of stress above the
endurance limit; and hence it is realized that the results of this in-
vestigation will not apply directly to some types of fatigue problems.
Nevertheless, it is felt that the information concerning the laws
governing the effect of range of stress on the fatigue strength as in-
terpreted here and as indicated by tests of relatively small specimens
is of great importance.
3. Acknowledgments.-This investigation was carried on as a part
of the work of the Engineering Experiment Station of the University
of Illinois, of which DEAN M. L. ENGER is the director, and of the De-
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SYMBOLS AND DEFINITIONS
(See Fig. 1)
max- (or Tmax) = Maximum (numerical) stress of a range of stress.
Cmin (or rmin) = Minimum (numerical) stress of a range of stress.
umax + fmin
am = Steady stress component of a range of stress. au =
2
max - O'min
an = Alternating stress component of a range of stress. o- = ma2
A- (orAr) = The magnitude of a range of stress; it is the algebraic difference
between amax and amin (or between rmax and -min); or, also, it is
equal to 2ao (or 27T).
Endurance Limit = The maximum value of the alternating stress a, (or r.) which
can be superimposed on a given steady stress am (or r-) and
repeated an indefinitely large number of times without causing a
progressive fracture (fatigue failure). The endurance limit of the
material for a given steady stress is also frequently referred to
as the fatigue strength for the given steady stress.
a, (or Tr) = The endurance limit (as defined above) for a steady stress, a,,
equal to zero, that is, the endurance limit for completely reversed
cycles of stress, as obtained from tests of polished notch-free
specimens.
aor (or Tri) = The endurance limit (as defined above) for a steady stress, am,
equal to zero, that is, the endurance limit for completely re-
versed cycles of stress, as obtained from notched specimens, the
stress being determined by the use of the ordinary formulas of
mechanics.
a, = Static tensile yield strength.
r, = Static. torsional shearing yield strength obtained from tests of
solid cylindrical specimens.
au = Static tensile ultimate strength.
u, = Static torsional modulus of rupture; the torsional modulus of
rupture is the value of r as calculated from the substitution of
Tc
the static ultimate (maximum) torque T in the formula r =-
J'
where c is the radius of the cross-section and J is the polar
moment of inertia of the section.
a,' = Static compressive ultimate strength. For ductile materials the
compressive ultimate strength is considered to be the compres-
sive yield strength.
K = Stress concentration factor.
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II. METHOD OF INTERPRETING RANGE OF STRESS DATA
4. Description of Range of Stress.-Two methods of specifying a
range of stress have been chosen. These two methods are described
in the following paragraphs. In this description and throughout the
bulletin the Greek symbol a (sigma) will always refer to a normal
(tensile or compressive) stress, and the Greek symbol r (tau) will
always refer to a shearing stress.
First: A range of stress may be partially designated by the mag-
nitude of the change of stress in passing from the minimum stress to
the maximum stress of a cycle, but either the maximum or minimum
stress must be given in addition to the magnitude of the range. Thus
in Fig. 1 a range may be specified by stating the maximum stress Omax
(or Tmax) or the minimum stress cmin (or Tmin) and stating the magni-
tude of the range of stress Aa (or AT). The range could be described
also by simply giving both the maximum and the minimum stresses.
Second: A range of stress may be thought of as being made up of
a steady (mean) stress am (or Ts,) and an alternating (completely re-
versed) stress ao (or Ta) superimposed upon it; the range of stress may
then be expressed as am u± a (or Tm - T,). For example, in Fig. 1, a
range of stress is specified by choosing am, (or T,,) and ao (or Ta).
5. Goodman Diagram.-A diagram such as Fig. 2 for representing
the effect of range of stress on the endurance limit was devised by
Goodman , 2 based chiefly on results of repeated stress tests in bending
FIG. 1. STRESS SYMBOLS FOR VARYING RANGE OF STRESS
ILLINOIS ENGINEERING EXPERIMENT STATION
FIG. 2. GOODMAN DIAGRAM SHOWING EFFECT OF RANGE OF NORMAL
STRESS UPON ENDURANCE LIMIT
and in direct tension of ductile metals by W6hler. In these tests a
value of the minimum stress amin was selected, and then a series of
specimens were tested under repeated stresses which varied from this
value of stress, amin, to a higher stress, max.. For the larger values of
amax the specimens fractured after a number of repetitions of the
stress, but by lowering the value of max. in each successive specimen
tested, a maximum stress was found which could be repeated an in-
definitely large number of times without causing a progressive frac-
ture. In Fig. 2 the minimum stress is plotted as an ordinate to the line
of zero stress with an equal abscissa so that one extremity lies on a
line DB making an angle of 45 deg. with the line of zero stress. Good-
man found that, if omax is plotted as an ordinate at the same abscissa
as the minimum stress, the upper ends of the ordinates (values of .max)
lie approximately on the line AB where FA is 1/3 a. and OC = CE =
% o,, and where ar represents the static ultimate tensile strength of
the material. From similar triangles in Fig. 2 it can be shown that
1
-a = (0ur - 0m).
3
1
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In Equation (1) a is the maximum value of the alternating stress
which may be superimposed on the given steady stress, am, and re-
peated an indefinitely large number of times without causing ipo-
gressive fracture, that is, aa is the endurance limit of the metal for
the given steady stress a,. This equation has been used extensively
to represent range of stress data. Equation (1) may also be written
in the form
a -f ( - - (2)
However, it has been found by various investigators that a better
agreement with experimental results for repeated bending and of re-
peated direct tension tests of steels may be obtained if Equation (2)
is modified by replacing the factor %1/ a by the endurance limit, a,
for completely reversed cycles of stress, that is, the endurance limit
for the range of stress in which a,, = 0. Equation (2) thus becomes
S= Ur ( - - . (3)
Equation (3) gives the magnitude of the endurance limit, 7a, of the
metal when the steady stress is am. The endurance limit, aa, is sig-
nificant when failure is due to fatigue, but when am is large the value
of a, plus amn, that is, the maximum stress in the range, may be large
enough to exceed the yield point of the material and hence to cause
failure in the specimen by general yielding on the first application of
the stress. It is therefore convenient to have an equation from which
amax may be calculated.
From Fig. 2 it is noted that max, = .m + a, and hence, from
Equation (3)
omax = aSm + ST i - -1 - . (4)aOu
Equation (4) is represented by a straight line on the Goodman dia-
gram similar to line AB in Fig. 2 in which, however, a, is not neces-
sarily equal to % ao, but is the actual endurance limit for completely
reversed cycles obtained from fatigue tests. A diagram similar to
Fig. 2 in which FA = FD = a, is known as a "modified Goodman
diagram" and the line AB in such a diagram will be referred to as
the "modified Goodman line."
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Tensile Sfeaody Stress, o,, of Ra7nge
in Termns of l/fimafe Tens/ie Strength1,
FIG. 3. STEADY STRESS-ALTERNATING STRESS DIAGRAM FOR RANGES OF REPEATED
TENSION-COMPRESSION STRESS IN WHICH STEADY STRESS WAS TENSION
6. Steady Stress-Alternating Stress Diagram.-Range of stress
data may be represented in a different way 3 by a diagram in which
the steady stress is expressed as a fraction of the tensile or compres-
sive ultimate strength and is plotted as an abscissa, whereas the super-
imposed alternating stress (endurance limit) is expressed as a fraction
of the endurance limit for completely reversed cycles of stress and is
plotted as an ordinate. Such a diagram is called a steady stress-
alternating stress diagram and is illustrated in Fig. 3 for the case in
which the steady stress is tension. The point A whose ordinate is ar,
and whose abscissa is zero represents the range of completely reversed
stress for which the steady stress am is zero and the superimposed
alternating stress aa is equal to r,. The point B whose ordinate is zero
and whose abscissa is the static tensile ultimate strength represents
the range of stress of zero magnitude, that is, there is no superim-
posed alternating stress, since aa is zero. If a straight line is drawn
from A to B, the ordinates of the points of this line represent approxi-
mately the maximum values of the completely reversed stress that can
be superimposed on the steady stress, represented by the correspond-
ing abscissa, and repeated a large number of times without causing
fracture. For example, the ordinate r, of the point D on line AB
represents the endurance limit corresponding to the steady stress a,,
represented by the abscissa of the point D.
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The equation of the line AB of Fig. 3 may be written in the inter-
cept form as
a
m  Ora
- + - = 1. (5)
* u Tr
If Equation (5) is rewritten in the form
aa = ar (I - ") (6)
an expression for determining the endurance limit, a,, is obtained.
The maximum stress in the range can be obtained if the steady stress,
am, is added to both sides of Equation (6). Thus
max = am + a = am± r 1 ). (7)
It will be noted that Equations (3) and (6) are identical, and that
Equations (4) and (7) are identical, and thus the line AB in the
"modified Goodman diagram" (Fig. 2 with 13 a. replaced by a,) and
the line AB in Fig. 3 are identical in their representation of range
of stress data.
The steady stress-alternating stress diagram as illustrated by
Fig. 3 has an advantage over the "modified Goodman diagram" in
that data may be plotted for varying ranges of stress for different
metals on the same diagram for purposes of comparison. For this
reason the steady stress-alternating stress type of representation for
range of stress data is used frequently in this bulletin.
7. Maximum Stress-Alternating Stress Diagram.-In representing
range of stress data it is sometimes convenient to use a diagram in
which the maximum stress of the range is expressed as a fraction of
either the yield strength or the ultimate strength and is plotted as an
abscissa, and in which the alternating stress is expressed in terms of
the endurance limit or or rr and is plotted as an ordinate. This
diagram is referred to as the maximum stress-alternating stress dia-
gram, and is particularly convenient for representing varying ranges
of torsional shearing stress for polished notch-free cylindrical speci-
mens, as will be seen in the next article.
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III. INTERPRETATION OF RANGE OF STRESS DATA FOR
DUCTILE METALS
8. Ranges of Torsional Shearing Stress in Unnotched Cylindrical
Specimens of Ductile Metals.-Figure 4 is a maximum stress-alter-
nating stress diagram as described in Section 7 for fatigue tests for
various ranges of torsional shearing stress of polished notch-free
cylindrical specimens of twenty-seven ductile metals. In Fig. 4 the
maximum stress of the range is expressed as a fraction of the static
torsional shearing yield strength, Tr, and is plotted as an abscissa;
the alternating stress of the range is expressed as a fraction of the en-
durance limit, Tr, for completely reversed cycles of shearing stress and
is plotted as an ordinate. Below the diagram is a tabulation of the
various ductile metals and the names and reference numbers to the
work of the investigators who obtained the results plotted in Fig. 4.
It will be noted that results from tests of 18 ductile ferrous metals
and 9 non-ferrous ductile metals are plotted in Fig. 4. The ferrous
metals included steels having a wide range of carbon content, various
alloy steels, and two malleable irons, and the non-ferrous ductile metals
included four aluminum alloys, commercially pure copper, a 60 Cu-40
Zn brass, a beryllium bronze, a tobin bronze, and a malleable bronze.
Figure 4 shows that, for ranges of torsional shearing stress in small
polished notch-free cylindrical specimens of most load-resisting ductile
metals in which the maximum stress of the range is less than about
eight-tenths of the torsional yield strength (0.8 Ty), the endurance
limit, Ta, for any range of stress is equal to the endurance limit,
Tr, for complete reversals of shearing stress. The fact that the points
representing the data began to spread or scatter beyond 0.8 r, may
be due partly to the many different methods used by the various in-
vestigators in determining the torsional yield strength. This scatter
does not seem significant, however, since working stress values would
probably never be as large as 0.8 Ty. Therefore Fig. 4 supports the
conclusion which various investigators have previously stated, namely,
that for polished notch-free cylindrical specimens of ductile metals
subjected to varying ranges of torsional shearing stress, the maximum
alternating stress which may be superimposed on any given steady
stress without causing fatigue failure after a large number of cycles
is constant, and is equal to the endurance limit for completely re-
versed cycles of shearing stress, provided that the maximum stress of
the range, Tmax = Tm + Tr, does not exceed the torsional static shearing
yield strength of the metal. It should be pointed out, however, that
this conclusion does not necessarily follow if the torsional specimen
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contains stress concentrations (due to notches, etc.). This case is
discussed in a later paragraph.
9. Ranges of Axial Stress in Unnotched Specimens of Ductile
Metals.-Two different cases will be discussed under this heading;
in the first case the steady stress is a tensile stress, and in the second
the steady stress is a compressive stress.
(a) Ranges of Stress in Which Steady Stress Is Tension.-The
data presented here in which the steady stress was tension were ob-
tained from tests of the relatively few ductile metals which have also
been tested for ranges of stress in which the steady stress was com-
pression. This was done in order to make it possible to show the
marked difference between the endurance limits corresponding to
steady compressive stresses and the endurance limits corresponding to
steady tensile stresses.
Figure 5a is a steady stress-alternating stress diagram for tests
of notch-free specimens of thirteen ductile metals subjected to ranges
of repeated axial stress in which the steady stress was tension. Below
Fig. 5 is a tabulation of the various ductile metals with the names and
reference number to the work of the investigators who obtained the
results plotted in this figure. Results from tests of six steels, two
malleable irons, and five non-ferrous metals are represented. It will
be noticed in Fig. 5a that although the endurance limit decreases in
general with increase in steady tensile stress in accordance approxi-
mately with the straight line from A to B, (modified Goodman line),
a large proportion of the plotted points representing the test data lie
on the upper side of the line AB. Since ordinates of points on AB are
smaller than most of the corresponding ordinates of plotted points
representing the test data, the alternating stresses (endurance limits)
represented by points on AB will in general be on the side of safety.
However, if the maximum stress in the range, that is amax = am + -a,
exceeds the tensile static yield strength of the metal, the failure will
be by general yielding on the first application of the load, rather than
by fatigue after many repetitions of the load. These observations
bear out conclusions which other investigators have made from
similar data from tests in which the steady stress was tension.
(b) Ranges of Stress in Which Steady Stress Is Compression.-
In Fig. 5b the results of fatigue tests of the same thirteen ductile
metals represented in Fig. 5a will now be examined for ranges of stress
in which the steady stress was compression. The maximum stress-
alternating stress diagram is used here because it gives a more effective
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FIG. 6. STEADY STRESS-ALTERNATING STRESS DIAGRAM FOR TORSIONAL FATIGUE
TESTS OF NOTCHED SPECIMENS OF SEVENTEEN DUCTILE METALS
interpretation of the data. The maximum stress of any range is
expressed in terms of the compressive strength, which for most ductile
metals is considered to be the compressive yield strength, and to be
approximately equal to the tensile yield strength.
It may be concluded.from the data plotted in Fig. 5b that, for
notch-free specimens of the thirteen ductile metals represented, the
endurance limit is approximately constant for all ranges of stress in
which the steady stress is compression and is equal to the endurance
limit a, for completely reversed cycles of direct tension-compression.
This conclusion is valid for all these metals until the maximum com-
pressive stress of the range becomes equal to about eight-tenths of the
compressive yield strength (0.8 a,'), and only two of these metals show
evidence that the previously-stated rule does not apply for all ranges.
10. Ranges of Torsional Shearing Stress in Notched Specimens of
Ductile Metals.-Figure 6 is a steady stress-alternating stress dia-
gram showing results of tests of notched specimens of seventeen
ductile metals tested under varying ranges of torsional shearing stress.
In Fig. 6 the steady stress of any range is expressed in terms of the
torsional modulus of rupture, ru, and is plotted as an abscissa, whereas
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the alternating stress corresponding to the steady stress is expressed
in terms of the endurance limit r7, of notched specimens for com-
pletely reversed cycles of shearing stress and is plotted as an ordinate.
The point A in the diagram whose coordinates are 7m = 0 and r7 =
r,, represents the endurance limit for completely reversed cycles of
stress for notched specimens of each of the seventeen metals. The
point B represents the torsional modulus of rupture as determined
from static tests of solid notch-free specimens of each of the seventeen
metals. It should be emphasized that the endurance limit, rn, for
completely reversed cycles of stress is the endurance limit from tests
of the notched specimens, and is not to be confused with the Tr value
for the notch-free specimens.
It will be noted from the tabulation of the metals in Fig. 6 that
eleven metals were spring steels, tested as coiled springs, one metal
a tobin bronze, two were malleable irons, and three were alloy steels
other than spring steels. In one case the stress concentration was due
to corrosion pits, in two cases to the roughness of the cast surface,
in eleven cases to the curvature of the coils in the spring wire, or to
the surface decarburization and the surface defects of the spring wire,
and in three cases to especially-prepared notches in the specimens,
namely, a transverse hole in the specimens of S.A.E. 3140 steel and
tobin bronze, and a circumferential V-groove in the specimens of a
Cr-Ni steel.
A comparison of these data shown in Fig. 6 with the data shown
in Fig. 5a for notch-free specimens subjected to ranges of repeated
direct axial stress in which the steady stress was tension, reveals a
striking resemblance in the way the plotted points fit the modified
Goodman line AB in the two diagrams. In other words, the tor-
sional shearing endurance limit of notched specimens for varying
steady stresses is not constant as it was found to be for notch-free
specimens, but decreases with an increase in steady stress. By
analogy with Equation (6) the ordinates, Tr, of points on AB, are
given by the equation ra = Tr, 1 - - and since - is equal to the
stress concentration factor K, this equation is written as follows:
K. Ta (= r - ) (8)
where- r7 is the torsional modulus of rupture as determined from
static tests of solid notch-free specimens. In Equation (8) the
Tc
stresses T7 and Ta are calculated from the formula r =- , no
J
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allowance being made for the notch. Equation (8) may be inter-
preted as follows: If rT is a given steady shearing stress to be applied
to a notched cylindrical torsion specimen of a ductile metal, the
quantity K - 7, represents the maximum value of the localized alter-
nating shearing stress which can be superimposed upon the steady
stress T7 and be repeated an indefinitely large number of times with-
out causing fatigue fracture. This stress KT, will be the localized
stress associated with fatigue failure, but if the maximum stress of
the range, rmax = 7m + Ta, becomes equal to the static torsional
shearing yield strength, 7,, the failure will in general not be by
fatigue but will be by general yielding on the first application of
the stress.
In Equation (8) the value of ra must be known, but since the
values of the tensile ultimate strength, a., are more commonly avail-
able than are the values of r,, it is convenient to express T7 in terms
of a.. A study of values of ao and Tr for 35 steels reported by Lea
and Heywood,'1 Hankins, 7 Swan, Sutton and Douglas, 33 Zimmerli,20
Seely and Putnam,32 Ludwik and Krystok, 5 and by Johnson, 10 shows
that, for these 35 steels, which were mostly medium to high carbon
Tu
and alloy steels, the ratio -- ranged from 0.68 to 0.96 with an
O"u
average of 0.83. For only one steel did the ratio fall below 0.70,
for nine steels the ratio fell between 0.70 and 0.80, for 14 steels
between 0.80 and 0.90, and for seven steels between 0.90 and 0.96.
For non-ferrous metals the data available are not quite as complete.
Results reported by Johnson, 10 Moore and Lewis, s Ludwik and Kry-
stock' show that for a malleable bronze, a beryllium bronze, a brass,
commercially pure copper, duralumin, and tobin bronze the average
value of the ratio - was 0.75, the lowest value of the ratio being
O-u
0.66 and the highest 0.88. If, therefore, the values of the torsional
moduli of rupture are not directly available, a relatively useful esti-
Tu
mate of this value might be made by using a ratio - = 0.75. If
this ratio is used it should be remembered that it is only approximate,
and, furthermore, that for softer steels such as mild to medium car-
bon steels the ratio is probably considerably higher than 0.75.
11. Ranges of Axial Stress in Notched Specimens of Ductile Metals.-
Under this heading two cases will be discussed, namely, one case in
which the steady stress is tension, and the other in which the steady
stress is compression.
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(a) Ranges of Stress in Which Steady Stress Is Tension.-Test
data for ranges of repeated stress in which the steady stress was
tension are given in the steady stress-alternating stress diagram of
Fig. 7a for notched specimens of thirteen ductile metals tested under
direct axial stress, and one steel under combined bending and direct
axial tension. These metals include eleven steels, two malleable
irons, and duralumin. In four of the metals the stress concentration
was due to an especially-prepared mechanical notch such as a trans-
verse hole or a circumferential V-groove, in two cases to the rough-
ness of the cast surface, in four cases to corrosion pits caused by
salt water, and in three cases in which the test specimens were bolts
the stress concentration was due to the abrupt change in section at
the head of the bolt.
A comparison of Fig. 7a with Fig. 5a for tests of notch-free speci-
mens shows that the diagrams are very similar. In both diagrams
the great majority of the plotted test data lie above the modified
Goodman line AB. In Fig. 7a some of the values of the endurance
limits are less than the values given by the line AB, especially for
ranges of stress with small steady stresses, but the line AB can be
regarded as representing approximately the endurance limit, Ua,
corresponding to the steady stress, ao, in the notched specimens.
By analogy with Equation (6) the ordinates, a,, of points on line
AB are given by the expression oa = o- (1 - - ) and since--0'u ) 0rn
is equal to the stress concentration factor K, this equation may be
written as follows:
K-.a = r -(l -  (9)
where au is the static tensile ultimate strength of the metal as de-
termined from notch-free static tensile specimens. The stresses am
and a, are calculated by the ordinary formulas of mechanics without
regard for the notch. Equation (9) may be interpreted as follows:
If .m is a given steady tensile stress to be applied to a notched tensile
specimen of a ductile metal, the stress Kaa represents the maximum
value of the localized alternating stress which can be superimposed
upon the steady stress am and be repeated an indefinitely large num-
ber of times without causing fatigue fracture. Thus, since the right
side of Equation (9) represents ordinates of points on the modified
Goodman line AB in Fig. 5a, this diagram may be used for obtaining
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the fatigue strength for varying ranges of stress for notch-free and
notched specimens of ductile metal, provided the stress concentration
factor K is applied only to the calculation of the alternating com-
ponent of stress.
(b) Range of Stress in Which Steady Stress Is Compression.-
Only a few test results are available for notched specimens of ductile
metals subjected to ranges of repeated direct compressive stress, i.e.,
ranges of stress varying from a small compression to a large compres-
sion or from a small tension to a large compression. Test data for
eight metals, consisting of six steels and two malleable irons, are
plotted in the maximum stress-alternating stress diagram in Fig. 7b.
The notches in the specimens were circumferential V-grooves in four
of the steels, pits formed by corrosion in tap water for two of the
steels, and for the malleable irons the stress concentration was due to
the rough as-cast surface on the metal. The metals and the names of
the investigators are tabulated below the figure.
In Fig. 7b the endurance limit of any range is expressed in terms
of the endurance limit or for completely reversed stress for similarly
notched specimens and is plotted as an ordinate, whereas the maxi-
mum (compressive) stress of the range is expressed in terms of the
static compressive yield strength and is plotted as an abscissa.
Although the data represented in Fig. 7b are not sufficiently com-
plete to draw general conclusions, it is interesting to note that for
notched specimens of these eight ductile metals the endurance limit,
oa, tends to increase with an increase in maximum compressive stress,
particularly for relatively large values. This increase in value of a.
seems to be more marked in some metals than in others, and is prob-
ably dependent on the properties of the metal, such as its rate of
strain hardening, as well as upon the type of notch present in the
specimen. It is significant that no value of ao is less than the en-
durance limit for notched specimens subjected to completely reversed
cycles of stress. Ranges of stress for notched specimens in which the
steady stress is compression need to be investigated for more ferrous
and non-ferrous ductile metals before general conclusions may be
drawn. It is clear, however, by comparing the results represented
in Figs. 7a and 7b with those in Figs. 5a and 5b that for axially-
loaded tension-compression specimens both with and without stress
raisers the endurance limits corresponding to steady stresses in tension
are smaller than those corresponding to steady stresses of the same
magnitude in compression.
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IV. INTERPRETATION OF RANGE OF STRESS DATA FOR
BRITTLE METALS
Relatively few fatigue data for varying ranges of stress for brittle
metals are available. This statement is particularly true of data for
notched specimens of brittle metals. The data obtained from notched
and unnotched specimens will be interpreted together in one diagram,
since it is found that in brittle metals the notch does not change the
effect of the range of stress on the fatigue strength.
12. Ranges of Torsional Stress in Unnotched and in Notched
Specimens of Brittle Metals.-If a notch-free cylindrical specimen of
brittle metal is subjected to repeated torsional stresses above the en-
durance limit a fatigue fracture begins at some point at or near the
surface and usually progresses along a diagonal or helicoidal path cor-
responding closely to the planes of maximum tensile stress in the
specimen. Since the maximum tensile stress in a cylindrical shaft
subjected to torsional loads is equal in magnitude to the maximum
shearing stress, this kind of tensile fracture is not unexpected in a brit-
tle metal, because brittle metals are usually weaker in tension than in
shear. For this reason it is suspected that the initial cause of the
formation of the crack in a brittle metal specimen, whether it be in
a polished notch-free specimen or in a notched specimen, may be as-
sociated with the maximum tensile stress in the specimen rather than
with the maximum shearing stress, whereas in notch-free torsion speci-
mens of ductile metal the shearing stress is more likely to be associ-
ated with the formation of a fatigue crack.
Since the torsional fatigue fracture in the brittle metals seems to
be associated with the resistance of the metal to tensile stress, the
steady tensile stress, am, of any range of stress (note: am r, in a
cylindrical torsion member) has been expressed in terms of the
static tensile ultimate strength and is plotted as an abscissa in Fig. 8.
The endurance limit, a,, of the range is plotted as an ordinate ex-
pressed in terms of the endurance limit, a,, for completely reversed
cycles of normal stress for either notch-free specimens or for notched
specimens (the endurance limit is denoted by a, in both types of speci-
mens) according to whether the range is for notch-free or for notched
specimens. Hence, in Fig. 8 the ordinate of any plotted point repre-
sents the endurance limit, a,, corresponding to a steady stress, am,
represented by the abscissa of the point.
In Fig. 8 the data are plotted for varying ranges of tension-
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TESTS OF TORSION SPECIMENS OF EIGHT CAST IRONS
compression stresses occurring in cylindrical specimens of eight cast
irons subjected to repeated torsional loads. One iron was a high
strength nickel-molybdenum cast iron, for which polished notch-free
specimens and also notched specimens were tested. The notch con-
sisted of a transverse hole one-tenth the diameter of the specimen.
The other seven irons were ordinary gray irons and all specimens
tested were polished notch-free specimens.
A marked difference between the effect of range of stress on the
torsional endurance limit of brittle as compared with ductile metals
becomes at once apparent when Fig. 4 for the notch-free specimens of
ductile metals is compared with Fig. 8 for brittle metals. For example,
Fig. 4 shows that the endurance limit for any range of stress is con-
stant for notch-free specimens of ductile metals, whereas for varying
ranges of torsional stress in brittle metals Fig. 8 shows that the en-
durance limit is not constant, but decreases rather rapidly with in-
crease in the steady stress of the range. Furthermore, it is significant
to note that in Fig. 8 most of the plotted points fall underneath the
modified Goodman line AB. Therefore, the line AB does not give safe
or reliable values for the endurance limit for ranges of stress in tor-
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sional specimens of brittle metals. In Fig. 8 an empirical curve whose
equation is
1 - --
1+-
a0u
has been drawn between the points A and B. This curve forms a
border line below the field of data, and is suggested as a more reliable
means of estimating endurance limits for ranges of stress in torsion
of brittle metals (especially cast irons). In Equation (10) on is the
static ultimate tensile strength and r, is the endurance limit for com-
pletely reversed cycles of normal stress for either the notched speci-
mens or for the notch-free specimens. The value of oa for the brittle
metal may be obtained by repeated bending, torsion, or axial loads,
although usually the value of o- as obtained from repeated axial loads
will be somewhat smaller than for bending or torsion. In using Fig. 8
and Equation (10) it is essential to bear in mind that the normal
stresses produced in torsion specimens are used rather than the shear-
ing stresses, because the normal stresses seem to be associated with
fatigue failure of brittle metals.
13. Ranges of Axial Stress in Unnotched and in Notched Specimens
of Brittle Metals.-Under this heading two cases will be discussed,
namely, one case in which the steady stress is tension, and the other
in which the steady stress is compression.
(a) Ranges of Stress in Which Steady Stress Is Tension.-Data for
tests in which the steady stress was tension are presented in the steady
stress-alternating stress diagram of Fig. 9a for three cast irons. One
of these was a high-strength cast iron of which both unnotched and
notched specimens (circumferential V-notch) were tested. The other
two cast irons were ordinary gray irons, and only notch-free speci-
mens from these irons were tested. The types of cast irons and the
names of the investigators are tabulated in Fig. 9a.
In Fig. 9a most of the plotted test data fall below the line AB.
Therefore, the curve ACB which is represented by Equation (10) has
been drawn between the points A and B to represent the data. The
available data are not comprehensive, but Equation (10) seems to
give a more reliable value of the endurance limit ao for any tensile
steady stress am than the modified Goodman line AB, as shown by
Figs. 9a and 8, respectively.
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(b) Ranges of Stress in Which Steady Stress Is Compression.-
The available data for tests of brittle metals for ranges of repeated
stress in which the steady stress was compression were obtained from
tests of polished notch-free specimens of four ordinary gray cast irons
and one high strength cast iron. Notched and unnotched specimens
of the high strength cast iron were tested, but for the four ordinary
gray irons unnotched specimens only were tested.
The data for these five cast irons are plotted in the maximum
stress-alternating stress diagram in Fig. 9b. From Fig. 9b it will be
noted that for the five cast irons the endurance limit, va, for ranges
of stress in which the steady stress was compression was greater than
the endurance limit, ar, for completely reversed cycles of axial
tension-compression. The amount of the increase in the value of a,
of any range in compression over the value of a, varied widely for the
five cast irons, i.e., from 1.8 ar in G. Seeger's 29 tests to 6.0 a, in Pomp
and Hempel's 30 tests. Some of these differences may have been due to
the difference in methods of testing. G. Seeger's 29 tests were made
upon hollow specimens, and the machine which he used was a rotating
bending type of machine, in which the steady compressive stress was
produced by a longitudinal tie rod through the hollow central portion
of the specimen. In obtaining the test data in Fig. 9b for the other
cast irons the investigators used solid specimens which were tested
under direct axial tension-compression loads.
It is significant that for ranges of repeated stress in which the
stress varies from a small compression to a large compression the
maximum alternating stress remains practically constant, as shown
by the horizontal lines in Fig. 9b. This observation leads to the
suggestion that the fracture due to ranges of repeated compressive to
compressive stress probably is associated with the range of shearing
stress which is a maximum on a plane at 45 deg. to the axis of the
specimen. The fact that the fracture does progress along an oblique
plane across the specimen lends further support to the view that the
fatigue fracture may be due to the range of repeated shear stress.
V. RELATION BETWEEN STATE OF STRESS AND EFFECT OF RANGE
OF STRESS UPON ENDURANCE LIMIT IN METALS
(Tmax14. Effect of Ratio When Steady Stress Is Tension.-The
data presented in the previous chapters for various ranges of stress
showed marked differences in the manner in which the range of
stress affected the fatigue strength of a metal. These differences in
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any one metal are probably related to the state of stress existing in
the specimen as the result of the various types of loading and forms
or shapes of specimens. The most significant quantity for indi-
cating the effect of state of stress seems to be the ratio (-mx of
Swmax
the maximum tensile stress to the maximum shearing stress at a
point. The significance of this ratio will now be illustrated by con-
sidering the effect that a notch may have in changing the state of
stress and also the mode of fatigue failure in a torsion specimen of a
ductile metal in which the notch consists of a small transverse hole.
Figure 10a illustrates the maximum stresses in a cylindrical
torsional specimen free of notches, and Fig. 10b shows the maxi-
mum normal stresses in the neighborhood of a small transverse hole
in a similar specimen. From Fig. 10a it will be seen that the maxi-
mum shearing, tensile, and compressive stresses in a notch-free
cylindrical specimen subjected to a torque T are all numerically
equal. (-max = 7max = .) In Fig. 10b it will be noted that
SJ TcTc
the theoretical 4 value of -max is 4a, in which a = = -- . Thus,
the maximum normal stress at the edge of the hole is four times
greater than the maximum normal stress in the notch-free specimen.
Furthermore, since the normal stress on the free surface inside the
hole is zero, the state of stress at a point A on the surface inside the
transverse hole is similar to the state of stress in an axially-loaded
tension or compression member, and the maximum shearing stress,
0- a max C'm
- Zcr
,.=4,r
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FIG. 11. TORSIONAL FATIGUE SPECIMENS OF DUCTILE METAL SHOWING
EFFECT OF NOTCH ON MODE OF FATIGUE FRACTURE
Tmax, is equal to one-half of amax, and hence is equal to 2 o-. This is
shown in the enlarged view of the hole in Fig. 10c. This state of
stress is characterized by stating that -max = 2, whereas in the
Tmax
notch-free torsion specimen -max = 1. This change in the state of
Tmax
stress in a torsional specimen caused by a.transverse hole is important
because it changes the mode of fatigue fracture in ductile metals, and
also changes the law governing the effect of range of stress upon the
fatigue strength of ductile metals. Evidence of the change in mode
of fatigue fracture in two specimens of tobin bronze is given by
0max
Fig. 11, where the upper specimen, in which the ratio -- = 1,
Tmax
shows the fatigue fracture along a plane of maximum shearing stress
extending from A to B; whereas the lower specimen, in which the
"max
ratio -- = 2, fractured on the plane of maximum normal tensileT
mrax
stress. Evidence of the change in the law governing the effect of
range of stress upon the torsional fatigue strength of ductile metals
is found by comparing Fig. 4 with Fig. 6; in Fig. 4 the endurance
limit remained constant as the steady shearing (and normal) stress
was increased, whereas in Fig. 6 the endurance limit decreased as
the steady stress was increased.
On the other hand, in the case of brittle metals, when the state
of stress was changed by a transverse hole in a torsional specimen,
there was no change in the mode of fatigue fracture and no change
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OF RATIO a"' UPON LAW GOVERNING EFFECT OF RANGE OF STRESS
UPON FATIGUE STRENGTH OF DUCTILE AND OF BRITTLE METALS
in the law governing the effect of range of stress upon the endurance
limit. These latter facts are shown by Fig. 8. In other words, the
fatigue fracture occurred on the planes of maximum normal (tensile)
("max
stress when the ratio - was equal to 1 as well as when this ratio
Tmax
was 2. This fact is not unexpected when it is remembered that in
. cohesion strengthbrittle metals the ratio he strength is less than unity, so that
shearing strength
(Tmax
even when - = 1 the fatigue failure was still due to the normal
Tmax
stress.
In the steady stress-alternating stress diagram of Fig. 12 a
suggested generalization of the influence that the two ratios -max
Scohesion strength max
and cohesin strength have upon the laws governing the effect of
shearing strength
range of stress upon the fatigue strength of ductile and of brittle
metals is shown by the curves C, D, and E.
The curve C represents fatigue strengths of ductile metals sub-
jected to a state of pure shear stress in which the ratio-- = 1,
Tmax
and is based upon the results from tests of notch-free torsional
specimens of twenty-seven ductile metals, as shown in Fig. 4. It is
assumed that the fatigue strength of specimens of ductile metal
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subjected to a state of pure shear depends primarily on the resistance
. cohesion strengthof the metal to shearing stress, since the ratio cohesion strength is
shearing strength
greater than unity for ductile metals.
On the other hand, the curve E represents fatigue strengths of
brittle metals subjected to any state of stress, that is, for all values
0'max
of the ratio - , and is based upon results from tests of eleven
Tmax
brittle metals, as shown by Figs. 8 and 9a. It is assumed that the
fatigue strength of specimens of brittle metal depends primarily on
the resistance of the metal to normal stress for all values of the ratio
Uma
x
-(this ratio is always equal to or greater than 1) since the ratio
Tmax
cohesion strengthohesion strength is less than unity in brittle metals.
shearing strength
The two curves C and E, therefore, may be thought of as bounda-
ries, the curve C representing fatigue strengths which depend pri-
marily upon the resistance of the metal to shearing stress, and
the curve E representing fatigue strengths which depend primarily
upon the resistance of the metal to normal stress. Between these
boundaries will lie all the curves representing fatigue strengths
0max
corresponding to varying relative values of the two ratios --- and
cohesion strength rmax
sheain. strength The curve D and the modified Goodman line
shearing strength
are examples of curves which lie in between these two boundaries.
Curve D represents the average fatigue strength of thirteen ductile
0max
metals tested in tension (Fig. 5a) for which the ratio -- = 2.
Tmax
The fact that curve D lies between the boundaries C and E indicates
that the fatigue strength of notch-free tension specimens may de-
pend upon the combined action of the shearing stress (on plane at
45 deg. to axis) and the normal stress occurring on the same plane.
In other words, the resistance of the metal to shearing stress seems
to depend upon the normal stress which acts on the plane on which
the shear stress occurs, and thus a theory of failure which would
apply to this case should include the effects of both these stresses.
0max
If the ratio -- is large in ductile metals, as is the case in the
7max
state of tri-axial tension which probably occurs at a deep, sharp
circumferential V-groove3 6, 7 in a tension specimen, there are some
data which indicate that the fatigue strength will be given by curve
E; the apparent reason for this fact is that the shearing stresseslare
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so small compared with the normal stresses that the fatigue strength
depends primarily upon the resistance to normal stress.
From these tentative conclusions it appears that the law governing
the effect of range of stress upon the fatigue strength of metals de-
amax
pends largely upon two ratios, namely the ratio -- and the ratio
rmax
cohesion strengthohesin. strength The numerical values of these ratios will not be
shearing strength
known in most problems, but even a rough idea as to their values will
help considerably in determining what the effect of range of stress
will be upon the fatigue strength of metals.
"max
15. The Effect of Ratio - When Steady Stress Is Compression.-
7max
The normal stress, amax, seems to lose its significance as a cause of
progressive fracture when it is a compressive stress. A few investi-
gators31 35 have pointed out that progressive fracture due to ranges
of stress in which the steady stress is compression may be due to
residual tensile stress which results from local compressive yielding
in the metal. There is some reason to believe, however, that pro-
gressive fracture under ranges of compressive stress may be due to
the range of shearing stress in both ductile and brittle metals for all
Umax
values of the ratio - Evidence for this tentative conclusion has
Tmax
already been discussed in connection with Figs. 5b and 9b. Thus,
0"max
the ratio - loses its significance for determining the effect upon
Tmax
the endurance limit of varying the range of stress when the steady
stress is compression.
VI. WORKING STRESSES FOR VARYING RANGES OF
REPEATED STRESS
16. Method of Selecting Working Values of Axial (or Bending)
Stress.-A method of selecting working stresses for a member sub-
jected to varying ranges of repeated stress will be considered in the
light of the facts brought out in the previous discussions. Although
the method is applied here for repeated normal (tensile) stresses, it
can be applied to repeated torsional (shearing) stresses as well.
Let it be assumed, for example, that a cylindrical member having
an abrupt change in section caused by a circumferential V-groove is
to be made from ductile metal and is to be designed to carry repeated
axial (tension-compression) loads varying from 5000 lb. tension to
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15 000 lb. tension. It is assumed here that if the member fails it
will be due to the normal (tensile) stresses, although it is realized
that the maximum shear stress theory of failure, the maximum
energy of distortion theory of failure, etc., have bean used in the
design of members to resist repeated loads. From the facts which
have been brought out in the previous discussion the alternating
component of a range of stress seems to be the stress which causes a
fatigue fracture, and the fracture starts where the stress is the most
highly concentrated. Therefore, in the design of the member the
load will be thought of as being made up of two components, a
steady load, Psteady, and an alternating component, Pait. The steady
and alternating stresses corresponding to these components of load
Psteady
are then assumed to be given by the formulas am = and
Pat A
ao = K , where A is the cross-section area and K is the stress
A
concentration factor that is applied only in the calculation of the
alternating stress. Hence the cross-section area is given by the
formula
A , 0-a
Psteady + Palt = A am + - . (11)
K
It will be noted that o- as used in Equation (11) represents the stress
Kaa as given by Equation (9). If Equation (11) is used for determin-
ing the cross-section area A, working values of the stresses Um and a"
must be selected. In order to select these working values of am and oa
the fatigue strength for varying ranges of stress must be known. The
actual test data that are needed in finding the fatigue strength for
varying ranges of stress are as follows: (1) The endurance limit ar
for completely reversed axial stress (or completely reversed bending
stress) in notch-free specimens; (2) the tensile static yield strength,
ay, of the material; (3) the tensile ultimate strength, a., of the material.
Values of these properties for two steels having widely different yield
ratios are given in the following; by yield ratio is meant the ratio of
static yield strength to static ultimate strength. Both of these steels
will be used in the design. One steel is a 0.7 per cent carbon steel,
for which ar = 50 000 lb. per sq. in., y = 60 000 lb. per sq. in.,
a, = 100 000 lb. per sq. in., and the yield ratio is equal to 0.60. The
other steel, a quenched and tempered S.A.E. 3140 steel, has the follow-
ing properties: a = 89 000 lb. per sq. in., ay= 150 000 lb. per sq.
in., a- = 160 000 lb. per sq. in., yield ratio = 0.94. In finding the
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Tensi/e Steady/ Stress, •o, in /00' of /b. per sq. in.
FIG. 13. WORKING STRESSES FOR VARYING RANGES OF NORMAL STRESS FOR
QUENCHED AND TEMPERED S.A.E. 3140 STEEL HAVING YIELD RATIO OF 0.94
fatigue strength for varying ranges of stress from which the working
stresses will be obtained, the steady stress-alternating stress diagrams
of Figs. 13 and 14 will be used; the distance OB on the horizontal
axis is set equal to au, the distance OA on the vertical axis is made
equal to ar, and the straight line AB is drawn. The line AB in Figs.
13 and 14 will represent the fatigue strength of notch-free and also
of notched specimens of these two steels for varying ranges of stress,
provided the stress concentration factor K is applied only in the cal-
culation of the alternating stress component of the range. This fact
was pointed out in Section 11.
The working values of the stresses aa and a, will be obtained from
the coordinates of points on AB provided that the member fails by
progressive fracture. If, however, the steady tensile stress is large, the
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Tensi/e Stead/y Stress, c~,, //i /O000s of /1 per sqr. /.
FrI. 14. WORKING STRESSES FOR VARYING RANGES OF NORMAL STRESS FOR 0.7
PER CENT CARBON STEEL HAVING YIELD RATIO OF 0.6
superimposed alternating stress may cause a maximum stress (a,,
a,) greater than the static yield strength of the metal, so that the
member would fail by general yielding on the first application of the
stress. Therefore, in selecting working stresses it will be necessary
to guard against the maximum stress of the range becoming larger
than the working stress for static loads alone; this working stress will
be taken as some fractional part of the static yield strength of the
metal. In Figs. 13 and 14 the distances OE and OD on the horizontal
and vertical axes, respectively, are made equal to the static yield
strength of the steels so that the coordinates of points along the
straight line drawn from D to E will represent combinations of steady
stress and alternating stress which will give a maximum stress equal
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to the static yield strength of the steel. Thus, for a given steady
stress, say 40 000 lb. per sq. in., if the ordinate to the line DE is less
than the ordinate to the line AB (as it is in Fig. 14) the failure in a
specimen of the metal subjected to a range of stress whose steady
stress is 40 000 lb. per sq. in. will be by general yielding instead of
by fatigue fracture, but if the ordinate to the line AB is less than
the ordinate to the line DE (as it is in Fig. 13 for am = 40 000 lb.
per sq. in.), the failure of a specimen of the metal subjected to a range
of stress whose steady stress is 40 000 lb. per sq. in. will be by fatigue
fracture rather than by yielding. Therefore the segment AK of line
AB and the segment KE of the line DE represent the limiting combi-
nations of steady and alternating stresses to which specimens of these
two steels may be subjected without failing either by fatigue fracture
or by general yielding. It is interesting to note that the segment AK
which represents fatigue strengths is relatively much longer for the
high yield ratio steel in Fig. 13 than for the low yield ratio steel in
Fig. 14.
Method of Applying Factors of Safety.-In selecting working
stresses for the steels represented by Figs. 13 and 14, let it be assumed
that a reduction factor of 3 will be applied to the stresses which will
cause failure by fatigue, that is, to the ordinates of the points on AK,
and let it be assumed that a reduction factor of 2 will be applied to
the stresses which will cause failure by general yielding, that is, to the
maximum stresses corresponding to the ranges of stress represented
by the line KE. The following method of applying these reduction
factors is given:
First, consider the application of the reduction factor of 3 to the
stresses which will cause failure by fatigue. The endurance limits
are represented by the ordinates of the points on the line AB. The
reduction of these stresses is accomplished by choosing the point
A' such that OA' equals one-third of the endurance limit, OA, for
completely reversed cycles of axial stress, and then drawing the line
A'B so that the ordinate to any point on the line A'B is equal to
one-third of the corresponding ordinate to the line AB. At some
point K' on the line A'B the maximum stress in the range, that is,
the steady stress plus the alternating stress, will reach a value equal
to one-half the static yield strength. The point K' is the intersec-
tion of the line D'E' with A'B, where OD' = OE' = 2 oa,.
The coordinates of points on the line segments A'K' and K'E' will
therefore represent corresponding pairs of values of steady stress and
alternating stress which may be applied safely. Along the line A'K'
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the alternating stresses will be one-third of the value of the alter-
nating stress which will cause a fatigue fracture to start, and along
the line K'E' the maximum stress will be equal to one-half of the
static yield strength. The coordinates of point A' represent the work-
ing stress for a completely reversed cycle of axial stress, that is, for
a range whose steady stress is zero, and the coordinates of point E'
represent the working stress for a steady (static) load with zero
alternating stress.
Numerical Examples.-The method of selecting working stresses is
illustrated now by numerical examples. It is recognized that in de-
signing most members there are many other considerations such as
size effect, etc., on the fatigue properties, which are neglected in these
numerical examples. From the statement of the problem the alternat-
ing load Palt is 5000 and the steady load Psteady is 10 000 lb., and
hence the ratio of the two loads is 1 to 2. The ratio of the nominal
stresses will therefore be 1 to 2, and this ratio will be used in Figs.
13 and 14 inasmuch as the effect of stress concentrations have already
been taken account of in drawing the diagrams.
Solution for Use of S.A.E. 3140 Steel.-A straight line is drawn in
Fig. 13 through the origin 0 having a slope equal to 1 to 2. This
straight line intersects the line A'K' at a point where the alternating
stress (the ordinate of the point of intersection) is 21 500 lb. per sq.
in. and the steady stress (the abscissa) is 43 000 lb. per sq. in. This
combination of steady stress and alternating stress is the set of work-
ing values to be applied to the design of the rod. From fatigue tests
of specimens of this metal the stress concentration factor K was found
to be 2.3. Substituting these values in Equation (11) we obtain
21 500 - A
10 000 + 5000 = 43 000 A + - = 52 350 A
2.3
and therefore the cross-section area is
15 000
A = -- = 0.287 sq. in.
52 350
Solution for Use of 0.7 Per Cent Carbon Steel.-A straight line with
slope 1 to 2 is drawn in Fig. 14 through the origin 0 intersecting the
line K'E' and giving a combination of working values for am = 20 000
lb. per sq. in. and for oa = 10 000 lb. per sq. in. It is important to
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observe that for this steel which has a low yield ratio, the working
values of steady and alternating stresses are limited by the static
yield strength rather than by the fatigue strength, since the straight
line with the slope of 1 to 2 intersects the line K'E' instead of the
line A'K'. From fatigue tests of specimens of this metal the stress
concentration factor K was found to be 1.5. Using these values of
working stresses and the values of the steady and alternating loads
as given in the problem, we find that Equation (11) gives the follow-
ing results:
10 000 -A
10 000 + 5000 = 20 000 - A + = 26 600 A
1.5
whence
15 000
A = -- = 0.561 sq. in.
26 600
VII. CONCLUSIONS
17. Summary.-An analysis of test data has been presented for
determining the endurance limit corresponding to any steady stress in
relatively small laboratory specimens of ductile and also of brittle
metals. The endurance limit (fatigue strength) corresponding to a
given steady stress is defined as the maximum alternating stress which
may be superimposed upon the steady stress and repeated an indefi-
nitely large number of times without causing a fatigue fracture. The
analysis includes results from tests for various ranges of axial stresses
for the cases in which the steady stress was tension and in which the
steady stress was compression, and for ranges of torsional shearing
stress. Moreover, the analysis includes the results from tests of notch-
free specimens and also of notched specimens of both ductile and
brittle metals. Any stress raiser such as a hole, fillet, keyway, flaw, or
other discontinuity such as a corrosion pit, is considered as a notch.
The effect of range of stress upon the fatigue strength has been
interpreted by plotting the test results on two kinds of diagrams,
namely the steady stress-alternating stress diagram and the maximum
stress-alternating stress diagram in which the alternating stress is the
endurance limit for the corresponding steady stress of the range of
stress.
In this study ranges of stress in tension-compression produced by
bending are not included; however, from the analysis of some data
from tests in repeated bending, it seems justifiable to assume that the
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results obtained for direct axial tension-compression stresses are ap-
plicable to ranges of stress in bending. The main reason for omitting
bending stresses from this report is that the data are considered to be
less reliable because of the difficulties involved in determining the
values of the ranges of stress, particularly when the stress at any
point involves yielding of the metal.
18. Conclusions.-From the interpretations of the data which have
been presented in this report, the following conclusions are stated.
(1) Ductile Metal.-
Notch-Free Torsion Specimens.-In a notch-free cylindrical speci-
men subjected to repeated torsional loads, the maximum alternating
shearing stress T, which may be superimposed upon any given steady
stress T. and repeated an indefinitely large number of times without
causing progressive fracture is constant. The value of this constant
endurance limit 7a is equal to the endurance limit Tr for completely-
reversed torsional shearing stress for notch-free specimens. These
facts are shown by Fig. 4.
Notched Torsion Specimens.-In a cylindrical torsion specimen
containing a notch (stress raiser) the maximum value of the localized
alternating stress, Kra, which may be superimposed upon a given
steady stress rm and repeated an indefinitely large number of times
without causing fatigue fracture is given by the expression
KTa = (1 -- )
where r7 is the endurance limit for the notch-free specimens sub-
jected to completely-reversed stress in torsion, r7 is the torsional
modulus of rupture of solid notch-free specimens of the metal, and
K is the stress concentration factor which depends upon the shape
of the notch and upon the metal. Thus, the alternating stress Kra
is not constant, but decreases with an increase in rm.
This difference between the laws governing the effect of range of
stress upon the torsional fatigue strength of notch-free and notched
specimens of ductile metals is probably due to the influence the
ffmax
notch has in changing the state of stress so that the ratio --- is
Tmax
increased to a value larger than unity.
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In the foregoing equation the stresses Ta and rm are calculated by
Tc
the use of the formula T = , no account being taken of the notch.
J
These facts are brought out in Section 10 and by Fig. 6.
Notch-Free and Notched Tension Specimens.-In notch-free ten-
sion specimens, the endurance limit 0 a corresponding to any mean
or steady tensile stress, am, is given by the expression
0
-a = Ur (1 - -- )
where a, is the endurance limit for completely-reversed cycles of
axial or bending stress, and a, is the static tensile ultimate strength.
These facts are brought out by Fig. 5a.
In notched tension specimens of ductile metals the maximum
value of the localized alternating stress which may be superimposed
upon a given steady stress is Ka. where a- is given by the foregoing
equation, and where K is the stress concentration factor depending
upon the shape of the notch and upon the metal. In this interpreta-
tion of the fatigue strength of notched specimens the stresses a, and
P
a- are calculated from the formula a = - , no account being taken
A
of the effect of the notch. These facts are brought out in Section 11
and by Fig. 7a.
(2) Brittle Metal.
If either a notched or a notch-free specimen of a brittle metal is
subjected to repeated axial (tension-compression) or torsional shear-
ing loads, the maximum alternating normal stress, a,, which may be
superimposed on a given steady tensile stress a- and repeated an
indefinitely large number of times without causing progressive frac-
ture is given by the expression
1-
am.
a-a = Or 
1 +
a-u
where ar is the endurance limit for completely-reversed cycles of
tensile-compressive stress. If the member contains a stress raiser the
maximum value of the localized alternating stress is Kaa, where O-a is
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given by the foregoing equation, and where K is the stress concentra-
tion factor depending upon the shape of notch and upon the metal.
These facts are brought out in Sections 12 and 13 and are shown by
Figs. 8 and 9a.
(3) Ductile or Brittle Metals for Ranges in Which the Steady
Stress Is Compression.-If either notched or notch-free specimens of
either ductile or brittle metal are subjected to ranges of repeated
normal stress (tension-compression) in which the steady stress is
compression, the maximum alternating stress (endurance limit) a,
which may be superimposed upon a steady compressive stress am, and
repeated an indefinitely large number of times without causing pro-
gressive fracture is either constant and equal to the endurance limit
a, for completely-reversed tension-compression stress, or is greater
than a,. The tendency for oa to be greater than a, in ranges of com-
pressive stress (see Fig. 10b) is very marked in cast iron, where in one
case a, increased to about 6 times ar. In notched specimens of ductile
metal the tendency of a. to increase over the value a,, is more marked
than the tendency for a, to increase over the value of or in notch-free
specimens.
(4) The effect of a notch as a stress raiser applies only to the alter-
nating component of stress in any range of repeated stress in which
the steady stress is tension. Hence, in the design of a member having
a stress raiser to resist cycles of repeated stress in which the steady
stress is tension, the stress concentration factor, K, is used in the
formulas when calculating the alternating stress, but is not used when
calculating the steady stress. This fact is brought out in Sections
10 and 11.
In selecting working stresses for the design of a member of ductile
metal to resist cycles of repeated stress in tension, in compression, or
in shear, it should be recognized that either one of two types of failure
may occur, namely, general yielding on the first application of the
load, or fatigue fracture after many repetitions of the load. A method
of obtaining working stresses which are based on the possibility of
these two types of failure is given in Chapter VI.
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Bulletin No. 313. Tests of Plaster-Model Slabs Subjected to Concentrated
Loads, by Nathan M. Newmark and Henry A. Lepper, Jr. 1939. Sixty cents.
Bulletin No. 314. Tests of Reinforced Concrete Slabs Subjected to Concen-
trated Loads, by Frank E. Richart and Ralph W. Kluge. 1939. Eighty cents.
Bulletin No. 315. Moments in Simple Span Bridge Slabs with Stiffened Edges,
by Vernon P. Jensen. 1939. One dollar.
Bulletin No. 316. The Effect of Range of Stress on the Torsional Fatigue
Strength of Steel, by James O. Smith. 1939. Forty-five cents.
Bulletin No. 317. Fatigue Tests of Connection Angles, by Wilbur M. Wilson
and John V. Coombe. 1939. Thirty-five cents.
Reprint No. 13. First Progress Report of the Joint Investigation of Continuous
Welded Rail, by H. F. Moore. 1939. Fifteen cents.
Reprint No. 14. Fifth Progress Report of the Joint Investigation of Fissures in
Railroad Rails, by H. F. Moore. 1939. Fifteen cents.
Circular No. 39. Papers Presented at the Fifth Short Course in Coal Utiliza-
tion, Held at the University of Illinois, May 23-25, 1939. 1939. Fifty cents.
tCopies of the complete list of publications can be obtained without charge by addressing the
Engineering Experiment Station, Urbana, Ill.
ILLINOIS ENGINEERING EXPERIMENT STATION
Reprint No. 15. Stress, Strain, and Structural Damage, by H. F. Moore.
1940. None available.
Bulletin No. 318. Investigation of Oil-fired Forced-Air Furnace Systems in
the Research Residence, by A. P. Kratz and S. Konzo. 1939. Ninety cents.
Bulletin No. 319. Laminar Flow of Sludges in Pipes with Special Reference to
Sewage Sludge, by Harold E. Babbitt and David H. Caldwell. 1939. Sixty-five cents.
Bulletin No. 320. The Hardenability of Carburizing Steels, by Walter H.
Bruckner. 1939. Seventy cents.
Bulletin No. 321. Summer Cooling in the Research Residence with a Con-
densing Unit Operated at Two Capacities, by A. P. Kratz, S. Konzo, M. K. Fahne-
stock, and E. L. Broderick. 1940. Seventy cents.
Circular No. 40. German-English Glossary for Civil Engineering, by A. A.
Brielmaier. 1940. Fifty cents.
Bulletin No. 322. An Investigation of Rigid Frame Bridges: Part III, Tests
of Structural Hinges of Reinforced Concrete, by Ralph W. Kluge. 1940. Forty cents.
Circular No. 41. Papers Presented at the Twenty-seventh Annual Conference
on Highway Engineering, Held at the University of Illinois, March 6-8, 1940. 1940.
Fifty cents.
Reprint No. 16. Sixth Progress Report of the Joint Investigation of Fissures in
Railroad Rails, by H. F. Moore. 1940. Fifteen cents.
Reprint No. 17. Second Progress Report of the Joint Investigation of Con-
tinuous Welded Rail, by H. F. Moore, H. R. Thomas, and R. E. Cramer. 1940.
Fifteen cents.
Reprint No. 18. English Engineering Units and Their Dimensions, by E. W.
Comings. 1940. Fifteen cents.
Reprint No. 19. Electro-organic Chemical Preparations, Part II, by Sherlock
Swann, Jr. 1940. Thirty cents.
Reprint No. 20. New Trends in Boiler Feed Water Treatment, by F. G. Straub.
1940. Fifteen cents.
Bulletin No. 323. Turbulent Flow of Sludges in Pipes, by H. E. Babbitt and
D. H. Caldwell. 1940. Forty-five cents.
Bulletin No. 324. The Recovery of Sulphur Dioxide from Dilute Waste Gases
by Chemical Regeneration of the Absorbent, by H. F. Johnstone and A. D. Singh.
1940. One dollar.
Bulletin No. 325. Photoelectric Sensitization of Alkali Surfaces by Means of
Electric Discharges in Water Vapor, by J. T. Tykociner, Jacob Kunz, and L. P.
Garner. 1940. Forty cents.
Bulletin No. 326. An Analytical and Experimental Study of the Hydraulic
Ram, by W. M. Lansford and W. G. Dugan. 1940. Seventy cents.
Bulletin No. 327. Fatigue Tests of Welded Joints in Structural Steel Plates, by
W. M. Wilson, W. H. Bruckner, J. V. Coombe, and R. A. Wilde. 1941. One dollar.
Bulletin No. 328. A Study of the Plate Factors in the Fractional Distilla-
tion of the Ethyl Alcohol-Water System, by D. B. Keyes and L. Byman. 1941.
Seventy cents.
*Bulletin No. 329. A Study of the Collapsing Pressure of Thin-Walled Cylinders,
by R. G. Sturm. 1941. Eighty cents.
*Bulletin No. 330. Heat Transfer to Clouds of Falling Particles, by H. F. John-
stone, R. L. Pigford, and J. H. Chapin. 1941. Seventy cents.
*Bulletin No. 331. Tests of Cylindrical Shells, by W. M. Wilson and E. D. Olson.
1941. One dollar.
*Reprint No. 21. Seventh Progress Report of the Joint Investigation of Fissures
in Railroad Rails, by H1. F. Moore. 1941. Fifteen cents.
*Bulletin No. 332. Analyses of Skew Slabs, by Vernon P. Jensen. 1941. One
dollar.
*Bulletin No. 333. The Suitability of Stabilized Soil for Building Construction,
by E. L. Hansen. 1941. Fifty cents.
*Circular No. 42. Papers Presented at the Twenty-eighth Annual Conference on
Highway Engineering, Held at the University of Illinois, March 5-7, 1941. 1941.
Fifty cents.
*Bulletin No. 334. The Effect of Range of Stress on the Fatigue Strength of
Metals, by James O. Smith. 1942. Fifty-five cents.
*A limited number of copies of bulletins starred are available for free distribution.
UNIVERSITY OF ILLINOIS
Colleges and Schools at Urbana
COLLEGE OF LIBERAL ARTS AND SCIENCEs.-General curriculum with majors in the hu-
manities and sciences; a new general curriculum with fields of concentration in
mathematics and physical science, biological science, social science, and the humani-
ties; specialized curricula in chemistry and chemical engineering; general courses
preparatory to the study of law and journalism; pre-professional training in medi-
cine and dentistry; curriculum in social administration.
COLLEGE OF COMMERCE AND BUSINESS ADMINISTRATION.-Fields of concentration in
accountancy, banking and finance, commerce and law, commercial teaching, eco-
nomics, industrial administration, management, marketing, and public affairs.
COLLEGE OF ENGINEERiN-.-Curricula in agricultural engineering, ceramics, ceramic en-
gineering, chemical engineering, civil engineering, electrical engineering, engineer-
ing physics, general engineering, mechanical engineering, metallurgical engineering,
and mining engineering.
COLLEGE OF AGRICULTURE.-Curricula in agriculture, dairy technology, floriculture, gen-
eral home economics, nutrition and dietetics, and vocational agriculture; pre-profes-
sional training in forestry.
COLLEGE OF EDUCATION.-Curricula in education, agricultural education, home econom-
ics education, and industrial education. The University High School is the practice
school of the College of Education.
COLLEGE OF FINE AND APPLIED ARTs.-Curricula in architecture, art, landscape architec-
ture, music, and music education.
COLLEGE OF LAw.-Professional curriculum in law.
SCHOOL OF JOURNALISM.-General and special curricula in journalism.
SCHOOL OF PHYSICAL EDUCATION.-Curricula in physical education for men and for
women.
LIBRARY ScaooL.-Curriculum in library science.
GRADUATE SCHOOL.-Advanced study and research.
Summer Session.--Courses for undergraduate and graduate students.
University Extension Division.-Courses taught by correspondence, extramural courses,
science aids service, speech aids service, and visual aids service.
Colleges in Chicago
COLLEGE or DENTISTRY.-Professional curriculum in dentistry.
COLLEGE OF MEDICINE.-Professional curriculum in medicine.
COLLEGE OF PHARMACY.-Professional curriculum in pharmacy.
University Experiment Stations, and Research and
Service Organizations at Urbana
AGRICULTURAL EXPERIMENT STATION BUREAU OF COMMUNITY PLANNING
ENGINEERING EXPERIMENT STATION BUREAU OF EDUCATIONAL RESEARCH
EXTENSION SERVICE IN AGRICULTURE- BUREAU-OF INSTITUTIONAL RESEARCH
AND HOME EONOMICS RADIO STATION (WILL)
BUREAU OF ECONOMIC AND BUSINESS UNIVERSITY OF ILLINOIS PRESS
RESEARCH
State Scientific Surveys and Other Divisions at Urbana
STATE GEOLOGICAL SURVEY STATE DIAGNOSTIC LABORATORY (for
STATE NATURAL HISTORY SURVEY Animal Pathology)
STATE WATER SURVEY U. S. SOYBEAN PRODUCTS LABORATORY
For general catalog of the University, special circulars, and other information, address
THE REGISTRAR, UNIVERSITY OF ILLINOIS
,URBANA, ILLINOIS
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